Introduction
Interest in liquid metal magnetohydrodynamics ͑MHD͒ arises from the possibility of utilizing liquid metal film flows or droplet curtains in future magnetic confined fusion for protection of solid structures from the thermonuclear plasma ͓1͔. Interaction between magnetic field and electrically conducting flow induces electrical currents in the flow. Steady duct MHD flows in a uniform magnetic field have been well understood in regard to the Hartmann layers and side layers ͓2,3͔. Quite different from Hartmann-type problems where the closure of induced currents is in the plane perpendicular to streamwise, the currents induced by a potential variation of velocity or magnetic field along flow direction encircle in the plane parallel to stream-wise. Some studies on the induction effect from velocity field variation can be found in references ͓2,4͔. Recently, the studies by Sellers and Walker ͓5͔, Gao et al. ͓6, 7͔ and Morley et al. ͓8͔ pay more attention to spatial field variations due to the fact that potential field gradients exist in fusion environment. Now, 3-D numerical modeling and experimental study for MHD free-surface flows in complex fusion-like magnetic environment can be found in a recent article by Morley et al. ͓9͔ ; interim reports are available on website www.fusion.ucla.edu/apex, where the works by Neil Morley et al. are more-closely about the liquid metal MHD. A 2-D modeling with focus on the field gradient can be found in the dissertation by Gao ͓10͔ .
The purpose of this study is to improve our understanding of the field gradient induction effect through simulations of droplet movement in field gradient regions in a 2-D regime. The droplet is given an initial uniform velocity in the absence of gravity. Without magnetic field, the droplet simply moves like a solid ball at a constant velocity. However, when a magnetic field gradient is applied along its moving path, complex interaction between magnetic field and flow field makes it too difficult for us to obtain an analytical solution to the seemingly simple droplet movement. In the case here, the numerical simulation is a useful tool to understanding physical principles because we can concentrate on one factor, but experimental settlement is difficult or impossible. Moreover, the experimental results are often the visualization of all physical principles.
We choose to simulate the time-dependent governing equations by the finite volume scheme using a volume-of-fluid ͑VOF͒ free surface tracking method. The VOF method ͓11-13͔ is based on fixed staggered grid and widely used in the free surface simulation. The VOF method, instead of tracking free surfaces explicitly, tracks the volume fraction of fluid in each cell to avoid topological restriction which happens for most direct surface tracking method. Scardovelli and Zaleski ͓13͔ provided a comprehensive and informative review on numerical methods for tracking interface and applying discontinuity conditions at the interface with emphasis on VOF methods. They provided formulations from several aspects and summarized problems with VOF methods. In the present work, the projection method is used for solving the Navier-Stokes equations. The van Leer second-order accurate convection scheme is adopted from RIPPLE ͓11͔. The split operator scheme from Puckett et al. ͓14͔ is used for the VOF advection.
The dynamic conditions at free surface are numerically implemented through the continuum surface force ͑CSF͒ model ͓11,15͔ in conjunction with VOF method. The general CSF model often results in so-called spurious currents ͓13,16͔ at neighborhood of free-surface. A more accurate representation of surface tension term can be found in ͓16͔. Some advantages of this case are listed in the following respects. One is that we do not need to concern boundary conditions. The boundary condition in the VOF method does not matter when the droplet moves in vacuum. Also, in the absence of magnetic field and gravity field, the solution is known, but calculation for such a simple case is still presented for checking the numerical scheme in some senses and for comparison with MHD droplet movement. For a MHD droplet moving in a field gradient region, the electromagnetic force is the only external force acting on the droplet. Changing the magnetic conditions, we should be able to see easily the corresponding changes. From these simulation results at various properly designed magnetic field conditions, we can understand the MHD effect to some extent.
Governing Equations
The velocity field Vϭ(u,v,0) and the del operator ٌ ‫)0,‪y‬ץ/ץ,‪x‬ץ/ץ(‪ϭ‬‬ are considered two-dimensional in the x-y plane. The applied magnetic field B a ϭ(0,0,B͓x,y,t͔) is aligned in the z-direction and can in general vary both temporally and spatially in the x-y plane. The field gradient interacts with liquid metal motion, producing electrical currents and thereby the Lorentz force in x-y plane ͓2͔. The induced currents in turn build their own magnetic field B i , which is also aligned in z-direction. We actually use scalar variables B a and B i to represent the applied and induced field because only one component of a vector is involved here. The field gradient effect can be studied by the 2-D model ͓6,10͔ ͑other variants of this infinite and/or axisymmetric 2-D model can be seen in ͓8͔͒. In a VOF model, two immiscible fluids in the computational area are considered, and interfaces, or freesurfaces, are no longer grid boundaries. The surface tension term at an interface is transformed to a volume force F sv which is only non-zero within a limited thickness of interface region. The scalar field f is defined to denote the volume fraction of the fluid whose dynamics we really want to know. The f follows fluid motion and satisfies the advection equation. Therefore, in a VOF method, the incompressible liquid metal flow is described by the timedependent electromagnetic induction equation ͓8͔, momentum equation, mass conservation, and VOF advection ͓11,13͔:
where D is the strain-rate tensor D i j ϭ1/2(‫ץ‬ j u i ϩ‫ץ‬ i u j ), p the pressure, and , , e , m are respectively density, dynamic viscosity , electrical conductivity e , magnetic permeability. The m can be considered to be constant for non-ferromagnetic material. The gravity is set to zero here in order to highlight the MHD effect. The properties of the mixture are estimated by the volumeweighted average of two fluids:
For the free-surface flows in vacuum or light-gas surrounding, the dynamics of this side can be ignored, and a two-fluid VOF model is simplified to one-fluid/void model where 2 , 2 , e,2 are zero. As a matter of fact, B i is very small ͑about 10 Ϫ4 times the applied field as will be shown in the calculations͒ for the liquid metal MHD. Its real role is to represent induced current density j because of:
The B i contours function as streamlines of induced currents. The induction equation, Eq. ͑1͒, reveals that the source term of induced magnetic field ͑electrical currents͒ comes from the spatial or temporal variation of the applied magnetic field; it does not depend at all on the absolute value of applied field. The inducted currents are also transported by diffusion and convection as in general transport equation. The induced currents are confined in liquid flow, in other words, j n ϭ0. The condition is interpreted as B i ϭConstant along free-surfaces, and thus B i is set to zero for convenience in calculations. The surface tension is taken into account by incorporating a volume force F sv into the momentum equations. At an interface the normal stress is balanced by capillary force, and the shear stress vanishes for the liquid with constant properties. The volume force F sv is defined in the VOF-CSF model ͓11,13,15͔.
where is the surface tension coefficient, and is the curvature of surface. The relation shows that F sv is concentrated on interface regions; away from interfaces it is zero due to ٌ f ϭ0. The interface characteristic values: the outward normal n and curvature , are calculated as:
The VOF advection equation, Eq. ͑4͒, is adopted from Puckett et al. ͓14͔. As indicated by Scardovelli and Zaleski ͓13͔, the VOF advection equation can not be differentiated as we do to a general partial differential equation, such as Navier-Stokes equation. Actually, it is only well-defined in integrals, expressing the volume ͑mass͒ conservation during interface ͑free-surface͒ advection. Therefore, an approximate free-surface needs to be constructed from the volume fraction data when we solve Eq. ͑4͒. Here, a curvy free-surface is represented as segment straight lines. A line function is determined by its slope and intersection length in its local x-y coordinates with the origin at cell center. The slope is obtained from surface normal n and the intersection is determined by the volume fraction of liquid in the cell f and the slope. More details about implementation of the VOF model and verification for the numerical scheme are available in Refs. ͓10,17͔. The computation time step is controlled by parameters such as velocity, surface tension, viscosity and mesh size, and encoded in the code. The most time-consuming part is the solving of the pressure Poisson equation, which is done by using the LU factorization solver residing in ESSL and IMSL math library on RS/6000 cluster machines.
Results and Discussion
The liquid Lithium droplet is given the initial velocity 1 m/s to move into several different field gradient regions in a vacuum space without gravity. The velocity is chosen to easily show MHD effect since the intensity of induced currents increases with moving velocity. The computational area is 3 cm in x-direction and 1 cm in y-direction, the grid number is 120 in x-axis and 40 in y-axis. The droplet originally sits at ͑0.5 cm, 0.5 cm͒.
The ordinary droplet in the absence of magnetic field is first calculated. The positions and shapes of the droplet at a series of moments are shown in Fig. 1 . The solution is well agreed with our expectation that the ordinary droplet moves in vacuum at the constant speed.
The droplet is then shot into a field gradient region between x ϭ͓1,1.5͔ cm, where the magnetic field linearly increases from zero at xϭ1 cm to 1 T at xϭ1.5 cm. B a is zero in xϽ1 cm, and remains 1 T after xϾ1.5 cm. The field gradient is 200 T/m in x-direction, which is a very large gradient. The droplet movement is modified by induced electromagnetic force as shown in Fig. 2 . Here and in the following, the applied magnetic field gradient region is marked by the two vertical lines. It is apparent that the droplet has moved much shorter distance than the ordinary droplet in 25 ms. It encounters opposition so-called MHD drag. For better understanding the MHD drag, contours of the induced field B i are shown in Fig. 3 . The magnitude of B i decreases with the depth Fig. 1 Droplet movement in the absence of magnetic field and gravity into center with the biggest (Bi max ϭ0) at the outermost surface. As state by Eq. ͑8͒, the B i contours reflect the electrical current field. The strength of a current field is indicated by the density of contour lines. The currents encircle clockwise following the droplet shape, and thus the resultant electromagnetic force presses the droplet into inside. But the force is not uniformly distributed due to the spatially varying field. In an increased field region, the backward electromagnetic force acting on the front-half is larger than the forward force acting on the rear-half, resulting in the MHD drag effect. The droplet is also squeezed into the elongated shape as shown in Fig. 2 for tϭ10 ms.
The strength of induced currents is proportional to the magnitude of velocity field. This can be seen from the decreasing minimum value of B i , i.e., Bi min in the figure, as the movement is slowed down. When the droplet still has dominant forwardmoving velocity, the electrical currents should close co-centered as shown by B i contours in Fig. 3 , According to induction Eq. ͑1͒, the source of generating currents is located inside the field gradient region. After the droplet comes out of field gradient region, it will keep moving at the velocity obtained at the end of field gradient region, but the shape may change because the relative velocity is already generated inside the droplet.
As the field gradient region is elongated to 1 cm, the droplet with the initial velocity may be stopped by MHD drag as shown in Fig. 4 . The droplet almost does not change position after 20 ms, but it indeed changes the shape. This behavior implies the velocity field is not zero everywhere like a solid ball. There must be relative velocities between different parts of fluid inside the droplet. This can be confirmed from the contours of B i shown in Fig. 5 , where the non-co-centered B i contours occur. In contrast, at the beginning when the droplet has dominant forward velocity and negligible relative velocity, the B i contours are co-centered. The problem of spurious velocity field ͓16͔ due to the CSF representation of surface tension may contribute to the oscillation at the stopping state. But the relative velocity field is also dictated by physics in the case here. The spurious velocity problem is more difficult to identify because of the complex coupling between velocity field and magnetic field. Popinet and Zaleski ͓16͔ pointed out the spurious velocity may cause computational difficulty, but we did not encounter any numerical convergence problem for this work. This may be due to the one-fluid model so that the coefficients of discretized pressure Poisson equation are adjusted to yield zero pressure in void side.
The increased and decreased field gradients put same resistance on the droplet movement. The droplet is put in the opposite magnetic field distribution, where B a decreases from 2 T to zero in xϭ͓1,2͔ cm, and B a ϭ2 T at xϽ1 cm, B a ϭ0 at xϾ2 cm. The result is shown in Fig. 6 . Comparing with the preceding case with increased field, we see the very similar deceleration of movement from the decreased field region. A little difference is that the droplet here is decelerated slightly faster than the preceding one. This is caused by the larger absolute value of applied field here around xϭ1. At the same velocity field and same field gradient, the induction equation model states that the same magnitude currents except current directions will be induced, but the electromagnetic force generated by the cross product of induced current and mag- netic field is proportionally larger for the larger field, resulting in larger drag at beginning of the course. The induced currents at 10 ms are illustrated in Fig. 7 , and it is shown that the B i is nearly the counterpart of the B i in Fig. 5 . The B i here in the decreased field represents counterclockwise currents instead of clockwise currents in an increased field. Bi max ϪBi min ϭ3.6EϪ4 here is a little bit smaller than Bi max ϪBi min ϭ4.2EϪ4 for the last case because at 10 ms, the droplet already moves slower than the droplet in the last case.
As another example to see the same MHD drag from increased field and decreased field, we have computed the droplet movements in the magnetic field increasing from Ϫ1 T to 1 T in the region of xϭ͓1,2͔, and in the field decreasing from 1 T to Ϫ1 T in the same region. The only difference for the two conditions is the direction of field gradient. The results are shown in Figs. 8 and 9. The positions and shapes of the droplet at a series of moments are nearly the same for these two conditions, All the above cases have the field gradient 200 T/m. To clearly show that the MHD drag is more than linearly related to field gradient, the movement of the droplet in the magnetic field which linearly increases from 0 T to 1 T in the region of xϭ͓1,2͔ cm is shown in Fig. 10 . Compared with Fig. 4 , it is shown that in this smaller field gradient the droplet encounters much less resistance so that it can come through the field gradient region. Indeed, from our understanding of preceding results shown in Figs. 2 and 3 , strength of induced currents is linearly proportional to the magnitude of field gradient, and MHD drag magnitude is quadratic to the increase of field gradient.
Conclusions
We have calculated the 2-D ͑x-y͒ liquid metal droplet movement in different magnetic field gradient conditions. A VOF-CSF numerical method is used to deal with free-surfaces advection and application of discontinuity conditions at free surfaces. The basic numerical model and a 2-D MHD model have been presented. The results point to the field gradient opposition effect on liquid metal movement. Interaction of liquid metal motion with the field gradient induces electrical currents, thereby creating Lorentz force on the droplet. The strength of induced current field is proportional to field gradient magnitude and velocity magnitude, but independent of the absolute value of field. Due to the spatial field gradient, the backward electromagnetic force is always larger than the forward force in both increased field and decreased field conditions, causing the MHD drag from field gradient along moving direction. The drag increases quadratically with the increase of field gradient. The MHD drag decelerates the droplet and may stop it, placing cautions for possible engineering applications. 
